Determining the invisibility of an optical cloak intended to hide something has become a complex problem in recent years. There are many invisibility mechanisms, the performance is quite different from technique to technique, and it is desirable to have a precise metric for their comparison. Here, we propose a simple metric that assesses the perceived invisibility. This invisibility index is based on the fact that the human visual system (HVS) is highly sensitive to spatial frequencies, and then uses the Fourier transform and the contrast sensitivity function of the HVS to assess invisibility.
INTRODUCTION
The quest for invisibility has made great progress in recent years [1] [2] [3] [4] [5] [6] [7] [8] [9] . Invisibility techniques range from mimesis and camouflaging to modern optical devices, such as electromagnetic cloaking in the visible spectrum (Fig. 1) .
Up to now, the performance of invisibility cloaking has been judged by qualitative assessment [10, 11] . For example, in electromagnetic cloaking only the perturbation of the light path or the wavefront shape is examined. However, as invisibility cloaking methods are getting more advanced, it is becoming important to quantitatively assess how good the cloaking performance of invisibility devices is. With such a measure, one could quantitatively test and compare different cloaking approaches. Here, we propose a simple invisibility metric based on the human visual system (HVS).
The notion of invisibility is strongly related to human visual perception. For humans, invisibility is a psychological phenomenon experienced when seeing or perceiving a particular object in certain scenery. The invisibility of an optical cloak intended to hide something depends on the perturbation of the visual field. Such perturbation may have visual attributes, like blurring, distortion, and transparency change. Transparency is the visual property of seeing something through something else, without seeing what is in front but seeing what is behind, along the same line of sight. Distortion is visually manifested by changes in the shape of objects, i.e., the true geometry of an object in the visual field is not maintained in the perceived scene. And blurring decreases the sharpness of the visual field, i.e., induces faults in the object details of a visual scene that is being observed.
The cloak optics allows, to some degree, for light to pass through without apparent reflection, refraction, and absorption. But how the cloak deals with light is just one factor. Invisibility perception depends on several factors (Fig. 2) : the HVS, the cloak optics, the background scenery, and distraction factors [12] . The relationship among all of them determines the degree of invisibility that is visually perceived. Therefore, when assessing invisibility cloaks, a metric of invisibility should ideally incorporate all these factors.
ASSESSMENT WITH CROSS CORRELATION
As far as we know, there is only one invisibility metric, which was recently proposed by Halimeh et al. [13] . It is the cross correlation function, which statistically assesses the similarity between two images, A and B. Image A contains an "invisible" object, and B is the image of reference, which is the same image, but without the "invisible" object. The calculation of the correlation function for images is done by means of the normalized cross correlation (NCC), which is a simple merit function that is used in image pattern recognition [14] . The NCC between two images, A and B, is
where i 1; 2; …M, and the image size in pixels is M.Ā andB are the mean of A and B across all image pixels. As the cloak in A is more invisible, the similarity between A and B increases, and NCC approaches 1. An NCC equal to 1 means that the cloak in A is perfectly invisible. The NCC is a simple approach that involves numeric values of brightness, and then retrieves invisibility information at the lowest level of human vision. But, in most cases, invisible cloaks are ultimately to be hidden from human beings and then their assessment should be through higher levels of human perception.
NEW INVISIBILITY METRIC
One of the main functions of the human vision is to extract structural information from the viewing field, and the HVS is highly adapted for this purpose [15] . For example, two different cloaks could have the same NCC, but one of them be perceived more invisible because the visual perception of its spatial structure. A realistic metric should be sensitive to the spatial structure of the cloak and the background. However, HVS models are too complex to implement in a simple equation.
Here we propose a simple metric that takes into account the structural information of the field of view. In analogy to the "spot the differences" game, in the Fourier domain, we compute the "visible" differences in the spatial frequencies space (VDF), and use it for weighting the NCC. We propose an invisibility quotient (IQ) given by
where NCC is calculated by Eq. (1), k is a constant that fits the range of IQ, and α adjusts the relative weight of VDF. Throughout this paper, the IQ parameter setting is k 1 and α 2. These values, k and α, are chosen so that IQ approximates the perceived invisibility: α because VDF seems to be nonlinear with perception, and k for simplicity. A value of IQ 1 means that the cloak in image A is perfectly invisible. In this metric, the NCC is multiplied by a factor that weights its relevance for the HVS, the 1 VDF 2 −1 .
To define VDF, we consider the HVS ability to perceive gray level differences in visual sceneries as function of spatial frequencies, i.e., we use the contrast sensitivity function (CSF) of the HVS (Fig. 3) . We weight the difference between the spatial frequency spectra of images, A (with "invisible" object), and B (without "invisible" object), with the CSF, and we define VDF as the ratio of visible spatial frequency differences to the total visible spatial frequencies in the scene image, i.e., [16] ,
where ω n is the nth angular spatial frequency. Number N determines the number of visible spatial frequencies, i.e., ω N < 50 cpd (cycles per degree), approximately [17] [18] [19] . F A ω n and F B ω n are the complex modulus of the discrete Fourier transform (power spectrum) of images, A and B, and we set F A 0 F B 0 0. The CSF describes the sensitivity of the HVS to different spatial frequencies that are present in the visual field (Fig. 3) . Here we use the CSF Daly model [19] , which is a function of radial spatial frequency, viewing angle, brightness level (Weber's Law), viewing distance, and size of the viewing field area. It is CSFω min CSF 0 ω; CSF 0 ω r a r θ ;
where "minb; c" is the minimum between b and c, and Fig. 2 . Perceived invisibility depends on several factors. How the optical cloak deals with light is just one factor. The HVS of observer, distractions in the environment, and the background scenery also have an important influence on the perceived invisibility. Fig. 3 . CSF represents the contrast perceptibility of a periodic pattern as a function of its spatial frequency. The three fringe patterns illustrate the contrast invisibility for different spatial frequencies. where A p is the area of the viewing field in square degrees. The other parameters are:
, r a 0.856d 0.14 , and r θ 0.11 cos4θ 0.89. Here, L is the light adaptation level in cd∕m 2 , d is the viewing distance in meters, and θ is the viewing angle in degrees. Equation (4) has a discontinuity in ω 0, then it is defined as CSF0 0.
To illustrate the potential of IQ, we analyze several invisibility cloaks in several background scenarios. Geometrical details for both invisibility calculation and visual display are shown in Fig. 4 . The viewing distance was set so that the invisibility cloak subtended 2 deg, and the entire image subtended 10 deg. This is because, at typical viewing distances, only a local area in the image can be perceived with high resolution by the human observer (the fixation point, which corresponds to the center of the eye's retina, the fovea). Other parameters are: front view (θ 0), observation distance, d 50 cm, viewing field area, A p 10°× 10°, and the image displayed at luminance, L ∼ 150 cd∕m 2 (mean L of a laptop screen). Figure 5 shows the invisibility cloaks we analyzed, which illustrate the basic visual disturbances due to invisibility cloaks: blurring, distortion, and transparency change. These visual disturbances of the background were created by image processing. Whirl is a transparent distortion of image, Lines is a periodic variation of transparency, and Diffuse is a smoothing of background. Figure 6 shows the Whirl cloak in two different image backgrounds. By using NCC, the invisibility in Fig. 6(a) is 99%, which is higher than the invisibility of Fig. 6(b) with NCC 98.8%. However, the perceived invisibility degree of Fig. 6(a) is lower than that of Fig. 6(b) . The IQ is in agreement with visual perception because IQ 95.26% in Fig. 6(a) , which is lower than in Fig. 6(b) , where IQ 97.95%. Figure 7 shows two cloaks (Diffuse and Lines) in the same background, both with identical NCC. However, Fig. 7(a) is perceived less invisible than Fig. 7(b) . The IQ in Fig. 7(a) is IQ 90.91%, which is lower than in Fig. 7(b) with IQ 97.48%. As shown in Figs. 6 and 7, the metric IQ approaches the visual perception better than the NCC. The advantage of IQ is that it somehow incorporates 3 of the main factors of invisibility perception (scenery, cloak optics, and observer), while NCC incorporates only 2 factors (scenery and cloak optics).
MEAN INVISIBILITY QUOTIENT
The invisibility calculated by both NCC and IQ changes when the cloak is presented against different backgrounds. Image distortions caused by the cloak depend on the local image statistics and structure. But a single overall quality measure of invisibility, independent from the background, may be desirable in practice. Such an intrinsic invisibility may be obtained by computing IQ over a wide range of backgrounds with different spatial structures. For this purpose, we propose a mean invisibility quotient (MIQ) as follows: where IQ j is the cloak IQ at the j-th background image; and S is the number of backgrounds. With such an averaging approach, the invisibility assessment approximately characterizes an invisibility cloak independently from the image background.
The number and variety of backgrounds may be too large, but for practical purposes it should be selectively limited. We propose six meaningful backgrounds (S 6) with representative spatial structures: one human face, and five standard human vision stimuli, which we selected from the ModelFest stimuli (visual stimuli used to build the standard model for foveal detection of spatial contrast) [17, 20] . The six backgrounds are: Lena face [21] , a city view (stimuli 43), a 1D periodic pattern (stimuli 8), a radial periodic pattern (stimuli 41), a white-black pattern (stimuli 42), and a random structure pattern (stimuli 35). These image backgrounds constitute a set of representative spatial frequencies and structures.
To verify the effectiveness of this metric, we calculate the MIQ for the Diffuse, Whirl, and Lines cloak. The image distortion due to each cloak is created with an optical filter that has the same optical weight in the six background images, and is adjusted so that the average NCC of the three cloaks is identical. Figure 8 shows the three cloaks in the six different backgrounds. The mean NCC indicates that the three cloaks have equal invisibility, but they have different perceived invisibility. MIQ is in agreement with visual perception; i.e., Lines cloak is the most invisible with a MIQ 95.58%, followed by the Whirl cloak with MIQ 79.25%, and finally the Diffuse cloak with MIQ 72.16%. Therefore, the advantage of MIQ is that it may discriminate different cloaks by its perceived invisibility. Then, MIQ could be an indicator of the intrinsic invisibility, which should change for different levels of transparency, distortion or blurring.
SUMMARY
We set a definition for perceived invisibility that accounts for the main factors that affect the invisibility performance. Using some of these factors, we have proposed a new metric for assessing invisibility based on the HVS. The new invisibility index is based on the fact that the HVS is highly sensitive to spatial frequencies, and then uses the Fourier transform and the CSF of the HVS in a simple and meaningful way. A single overall quality measure of invisibility, approximately independent from the background, was also proposed. The promise of the new invisibility index was demonstrated through three intuitive examples (Figs. 6-8 ). Because there are many invisibility mechanisms, and the performance is quite different from technique to technique, the proposed metric can provide a realistic quality assessment of the invisibility cloak, which delivers more information about the ultimate performance of the cloak and should lead to design strategies for performance improvement of invisibility devices.
There are a number of issues that deserve further investigation with regard to both invisibility indices IQ and MIQ. Several interesting questions arise. For example, in Eq. (5), how many backgrounds are necessary, should contributions from different backgrounds be weighted, and how should these weighting coefficients be chosen? About IQ calculation, it compares two 2D static images, but human eyes see a 3D world in movement. Perceived invisibility in 3D should be assessed, and movement may be incorporated in an invisibility index.
